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Abstract
This article focuses on finding arbitrage

opportunities in the international foreign exchange
market. The traditional methods of distinguish-
ing arbitrage opportunity have low efficiency,
and difficulties arise when we face multiple
currencies. This poses a need for an efficient
method of searching for a multiple-currency
arbitrage path.

    Ma (2004) has developed a matrix method
that efficiently searches for an arbitrage path in
an N-currency market. Ma also derives a simple
sufficient condition that will guarantee the
presence of arbitrage opportunities. Maûs work
is based on the assumption that one can buy or

sell each currency at zero bid-ask spread.
However, the bid-ask spread represents an
important component of the transaction costs,
and therefore should be incorporated into the
search for arbitrage path.

In this article, the author modifies Maûs
matrix method to accommodate the case where
the bid-ask spreads are nonzero. We then illustrate
the use of the modified method, using a 65-day
series of exchange rate quotes. We also observe
that the sufficient condition derived in Maûs work
still holds even for the case of nonzero bid-ask
spread.

Key words : Matrix method, Arbitrage, bid-ask spread
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1 Introduction

1.1 Background

Arbitrage is the most important concept in
finance and is a fundamental mechanism for
achieving efficiency in the financial markets (Ross
1976). An arbitrage opportunity occurs when a price
discrepancy exists between two or more highly
related assets. It is commonly assumed that state
variables of financial instruments will disallow the
existence of investment strategies with riskless
profit. Active investors who have rapid identification,
fast transactions, and low transaction costs will
exploit any arbitrage opportunity in a financial
market by buying the underpriced asset and selling
the overpriced asset without any risk. Therefore,
mispricing is rapidly corrected in highly competitive
markets (Frenkel and Levich 1975,1977).

Foreign exchange market is an important part
of the financial market. In the global foreign market,
there will be the arbitrage opportunity due to the
geographically separated market, difference of
operation time and information. Exchange rate
arbitrage is the practice of taking advantage of
inconsistent exchange rates in different markets by
selling in one market and simultaneously buying in
another. Examination of data from ten markets over
a 12-day period by Mavrides (1992) revealed that
a significant arbitrage opportunity exists. Some
opportunities were observed to be persistent for a
long time. There are two types of arbitrage to the
forex markets: Exchange rate arbitrage and Interest

rate arbitrage. Exchange rate arbitrage involved two-
point and three-point arbitrage. Two-point arbitrage
concerns two currencies in two different markets.
Three-point arbitrage is commonly called triangular
arbitrage, that is, exchange rates among different
currencies may be mutually inconsistent.
Arbitrageurs will then attempt to profit from these
inconsistencies and in the process will eliminate
discrepancies and establish mutually consistent cross-
exchange rates. One can choose any currency to
start.A successful arbitrage depends on whether
the currency one starts with is the same as the end
currency.

In most financial markets there are always
two prices for a particular financial instrument at
any one time which are known as the bid and the
ask price. The bid price is the price at which the
market maker (the actual entity that is on the other
side of the trade) will buy and therefore the rate at
which you the client can sell. The ask price is the
price at which a market maker will sell and therefore
the rate at which you, the client, can buy. The
difference between the rate at which you can sell
(the bid) and the rate at which you can buy
(the ask) is referred to as çthe spreadé. for example,
the current bid price for the EUR/USD currency
pair is 1.5760 and the current ask price is 1.5763.
This means that currently you can sell the EUR/
USD at 1.5760 and buy at 1.5763. The difference
between those prices is the spread. The bid-ask
spreads exist in the real market. They represent an
important component of the transaction costs.



38... ®ÿÃ“≈ß°√≥å∏ÿ√°‘®ª√‘∑—»πå ªï∑’Ë 32 ©.123 ¡.§.-¡’.§. 53

Yarong Hao/Foreign Exchange Rate Arbitrage using the Matrix Method

1.2 Objective

This article tries to find the arbitrage
opportunity with an efficient way in the international
foreign exchange market. Because of the difficulty
of the position, operating time and information, one
needs an efficient algorithm to search for a multiple-
currency arbitrage path.

Ma (2004) has developed the matrix method
that efficiently searches for an arbitrage path in an
N-currency market. Ma also derives a simple
sufficient condition that will guarantee the presence
of arbitrage opportunities. Whenλmax=n there exists
the arbitrage opportunity. Because the assumption
of Maûs work bases on the zero bid-ask spread and
the bid-ask spread is an important component of
the transaction cost, we try to test whetherλmax≠n
still hold for the case with bid-ask spread, therefore,
we need to modify method of Ma to get a new
conclusion.

In this article, the author modifies the matrix
method to accommodate the case where the bid-
ask spread are nonzero. We gather three month
data to illustrate the use of the modified method
and find that the sufficient condition derived from
Maûs work still holds for the case of the bid-ask
spread.

2 Literature Review

Although the transaction of foreign exchange
market has very developed with electronic system,
the theory of foreign exchange arbitrage still heritage
the triangular arbitrage theory in 1970s and takes

no furthur step for many years. Recently, Bollard
and Connor(1996) adapt Kalman filter to filter tick
data, copy with the erratic arrival of observation
and produce estimates of all the arbitrage prices on
every time step. The filter produces estimates of
the arbitrage price for all exchange rates on every
second, increasing both the speed and efficiency of
arbitrage identification. Mao-cheng Cai and Xiaotie
Deng (2003) study the computational complexity
of arbitrage in frictional foreign exchange markets
with bid-ask spread, bound and integrality
constraints.Constrast to the complexity calculation
of papers above, Ming Ma (2004) applies matrix
to his analysis, in his paper, the arbitrage-free
benchmark matrix B is constructed from real forex
matrix A, matrix C reveals measures for deviation
of each currency from its benchmark value which
indicates the possibly optimal arbitrage path.

3 Modifying Maûs Matrix Method to
Accommodate the Presence of Bid-Ask
Spread

3.1 Data Collection
This article focuses on the arbitrage

opportunity with six currency (USD, JPY, GBP,
SGD,HKD,EUR) in six markets (New York,
Frankford, Singapore, Tokyo, London, Hong Kong).
For the three month study period from Sep 1, 2008
to Nov 28, 2008, the daily exchange rate data from
Datastream. Note that the data for each exchange
rate is not synchronized. For example, the daily
HKD/USD rate and the USD/GBP rate are not
collected at the same time of day. However, we
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shall use this data set to illustrate the procedure
of determining an arbitrage path.

3.2 Analytical Framework

Quantitative analysis is used to analyze the
association between the arbitrage path, maximum
bid-ask spread, profit and currency which be
underpriced or overpriced. This analysis is based
on Maûs matrix method, but some adjustments is
made in order to accommodate the presence of the
bid-ask spread.

This research performs three different matrix
to analyze how the arbitrage path can be found
with or without the bid-ask spread. Three month
data is used. Both analysis are performed to show
the arbitrage path, profit and find the currency which
be underpriced or overpriced, which can provide

the optimal path and maximum profit for the
arbitrage. We now illustrate the method for the
case with bid-ask spread, the raw data is as follows.

Next, we calculate the λmax and eigen
values and eigenvectors associated with λmax
of matrix A with MATLAB, So we get λmax
=6.0221 and G=[g1, g2Ç.gn]=[0.3802, 0.5548,
0.6881, 0.0035, 0.049, 0.2678], because the
exchange rate of any two currency is determined
by their gold contend, therefore, there is no arbitrage
opportunity and λ of matrix B is equal to n, where
matrix B is the arbitrage free benchmark. We can
prove (see Ma 2004) that the sufficient condition
of no arbitrage is λmax=n and the eigen value
G is the gold contend. Here, we get the conclusion
that there is arbitrage opportunity if λmax not
equal to n.
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Table 3-1  Raw data with bid price and ask price

A 2008-9-1 USD EUR GBP JPY HKD SGD

USD 1 0.685636 0.555772 108.18 7.8064 1.4247

EUR 1.459 1 0.8113 157.8017 11.3894 2.0789

GBP 1.7998 1.233198 1 200.35 14.11 2.5657

JPY 0.009248 0.00634 0.005199 1 0.074129 0.013217

HKD 0.128116 0.087828 0.070947 14.35 1 0.182582

SGD 0.702395 0.481348 0.389757 77.32 5.4845 1

From the raw data,  We pick Sep 1, 2008 as the example to construct matrix A, B, and C.
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Table 3-2  Arbitrage with bid-ask spread
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Table 3-3  Arbitrage without bid-ask spread
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From matrix C, we can find which currency
overpriced or underpriced. Now, we try to find an
arbitrage path. we convert EUR into GBP, where
GBP is underpriced, then convert GBP into HKD,
where HKD is underpriced. At last we convert HKD
into EUR to close the route and realize the profit.
1/0.9943*1/0.996301*1/1.005913-1=0.35328%.
Even though this profit is calculated from the
hypothetical matrix C, we can show that it is equal
to the real profit computed using real-world exchange
rate from matrix A. To see this, suppose that we
followed the path EUR -> GBP -> HKD -> EUR,
using the rates quoted in matrix A. The profit from
this transaction (taking in the effect of bid-ask
spread) is (1 / 1.233198 / 0.070947 / 11.3894) ›
1 = 0.35328%, which is equal to the profit computed
from the numbers in matrix C.

3.3 Result

Result presented in two tables. Table 3-2
shows the arbitrage with bid-ask spread and Table
3-3 shows the arbitrage without bid-ask spread.

4  Conclusion

This article gathers data of 65 days in three
month to find the arbitrage opportunity with three
different currencies. If ignoring the sequence of
conversion, there are 40 path to get the profit. we
pick the maximum profit from everyday to analyze
the arbitrage opportunity. (there is no multi-point
arbitrage if no three-point arbitrage. The less the

currency, the shorter the path the shorter the path,
the more profit with the bid-ask spread.). in this
article, we do not consider the borrowing cost, which
means we assume no bid-ask spread in the money
market.

● In this article, we observe (although we
still cannot prove rigorously) that the sufficient
condition for the existence of arbitrage path,
λmax≠n, still holds even for the case of nonzero
bid-ask spread.

● From the data of three month, we found
that if the maximum bid-ask spreads are, on average,
less than 0.47753% (average of 65 days), there
will be opportunity for arbitrage profit.

● we also find the pair of currencies that
appears most often, which can tell the investor the
optimal path for the arbitrage. Under the situation
of the bid-ask spread, the GBP-HKD (HKD
underpriced with respect to GBP) appears 54 times
in 65 days and the USD-GBP (GBP underpriced
with respect to USD) appears 48 times. Without
the bid-ask spread, the GBP-JPY (JPY underpriced
with respect to GBP) and JPY-USD (USD
underpriced with respect to JPY) appear 60 times,
the USD-GBP appears 54 times. It should be noted,
however, that the arbitrage opportunities that we
found may be a result of asynchronous data.
Nevertheless, the modified matrix method presented
in this article can be used on tick data to determine
an arbitrage path in real time.
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